Abstract. In this paper, we introduce orthonoramal and Riesz bases for g-fusion frames and will show that the weights have basic roles. Next, we prove an effective theorem between frames and g-fusion frames by using an operator. Finally, perturbations of g-fusion frames will be presented.
Introduction
Bases play a prominent role in discrete frames and their studying can extract interesting properties from the frames. One of the most important types of bases are orthonormal bases and also, as their special case, the Riesz basis. The Riesz basis has been defined in [6] by the image of orthonormal bases with a bounded bijective operator. Afterwards, this basis has been equalized in a property with complete sequences and inequalities for the synthesis operator. Sun in [17] could introduce a Riesz basis for g-frames by using that property and we will continue his method in Section 3 for g-fusion frames. In Section 4, we present a useful operator for characterizations of these frames and finally in Section 5, a perturbation of these frames will be studied.
Preliminaries
Throughout this paper, H and K are separable Hilbert spaces and B(H, K) is the collection of all bounded linear operators of H into K. If K = H, then B(H, H) will be denoted by B(H). Also, π V is the orthogonal projection from H onto a closed subspace V ⊂ H and {H j } j∈J is a sequence of Hilbert spaces, where J is a subset of Z. It is easy to check that if u ∈ B(H) is an invertible operator, then π uV uπ V = uπ V . We define the space H 2 := ( j∈J ⊕H j ) ℓ 2 by
with the inner product defined by {f j }, {g j } = j∈J f j , g j .
It is clear that H 2 is a Hilbert space with pointwise operations. Definition 1. Let W = {W j } j∈J be a collection of closed subspaces of H, {v j } j∈J be a family of weights, i.e. v j > 0 and Λ j ∈ B(H, H j ) for each j ∈ J. We say Λ := (W j , Λ j , v j ) is a generalized fusion frame (or g-fusion frame) for H if there exists 0 < A ≤ B < ∞ such that for each
We call Λ a Parseval g-fusion frame if A = B = 1. When the right hand side of (2) holds, Λ is called a g-fusion Bessel sequence for H with bound B. Throughout this paper, Λ will be a triple (W j , Λ j , v j ) with j ∈ J unless otherwise noted.
The synthesis and analysis operators in the g-fusion frames are defined by
Thus, the g-fusion frame operator is given by
Therefore AI ≤ S Λ ≤ BI. This means that S Λ is a bounded, positive and invertible operator (with adjoint inverse). So, we have the reconstruction formula for any f ∈ H:
For the proof of followings, see [16] .
Theorem 2.1. Λ is a g-fusion Bessel sequence for H with bound B if and only if the operator T Λ is well-defined and bounded operator with T λ ≤ √ B.
Theorem 2.2. Λ is a g-fusion frame for H if and only if
is a well-defined, bounded and surjective.
Λ , v j ) with g-fusion frame operator SΛ = TΛT * Λ is called the (canonical) dual g-fusion frame of Λ. Now, we can obtain
It is easy to check that Λ is gf-complete if and only if
Proof. See [16] .
gf-Riesz and Orthonormal Bases
Definition 4. Let W = {W j } j∈J be a collection of closed subspaces of H and j ∈ J. We say that (W j , Λ j ) is a gf-orthonormal bases for H with respect to {v j } j∈J , if
There exist 0 < A ≤ B < ∞ such that for each finite subset I ⊆ J and g j ∈ H j , j ∈ I,
It is easy to check that if Λ is a gf-Riesz bases for H, then the operator T Λ which is defined by
be a g-fusion frame for H and suppose that (6) holds. Then Λ is a gf-orthonormal basis for H.
Proof. Assume that S Λ is the g-fusion frame operator of Λ and
It is clear that M is a non-empty closed subspace of H. Let f ∈ H and k ∈ J. Since
By definition of g-fusion frame, we obtain h = 0. Therefore, M ⊥ = {0} and we conclude H = M . So, S Λ = id H and the proof is completed.
Theorem 3.1. Λ is a gf-orthonormal bases for H if and only if
is a closed subspace of H. Therefore, for each j ∈ J and f ∈ H, we have from (7)
Now, let i ∈ J, then for each f, h ∈ H j ,
. (7) is proved. Corollary 1. Every gf-orthonormal basss for H is a gf-Riesz bases for H with bounds A = B = 1.
Theorem 3.2. Let Θ = (W j , Θ j ) be a gf-orthonormal bases with respect to {v j } j∈J and Λ = (W j , Λ j , v j ) be a g-fusion frame for H with same weights. Then, there exists a operator V ∈ B(H) and surjective such that
Then, V is well-defined and bounded. Indeed, for each finite subset I ⊆ J and f ∈ H,
where B is an upper g-fusion frame bound for Λ. Therefore, the series is weakly unconditionally Cauchy and so unconditionally convergent in H (see [7] page 58) and also V ≤ √ B. Since Θ is a gf-orthonormal bases, then
and V is surjective.
Corollary 2. If Λ is a Parseval g-fusion frame for H, then V * is isometric.
Corollary 3. If Λ is a gf-Riesz bases for H, then V is invertible.
Proof. Let V f = 0 and f ∈ H. Since T Λ is injective and
is a gf-orthonormal bases for H with respect to {v j } j∈J , then V is unitary.
Proof. By Corollaries 1 and 3, the operator V is invertible. Let f ∈ H, we obtain
Thus, V V * = id H and this means that V is unitary.
Characterizations of g-fusion frames, gf-Riesz and gf-orthonormal bases
Sun in [17] showed that each g-frame for H induces a sequence in H dependent on the g-frame and he proved a useful theorem about them. In this section, we are going to express Sun's method for g-fusion frames.
Let W = {W j } j∈J be a family of closed subspaces of H, {v j } j∈J be a family of weights, Λ j ∈ B(H, H j ) for each j ∈ J and {e j,k } k∈K j be an orthonormal basis for H j , where K j ⊆ Z and j ∈ J. Suppose that
We have ϕf ≤ v j Λ j f , therefore, ϕ is a bounded linear functional on H. Now, we can write
Remark 1. Using (9), we get for each f ∈ H (10)
Thus, {u j,k } k∈K j is a Bessel sequence for H. It follows that for each f ∈ H and g ∈ H j
Therefore,
We say {u j,k : j ∈ J, k ∈ K j } the sequence induced by Λ. Theorem 4.1. Let Λ = (W j , Λ j , v j ) and u j,k be defined by (9) . Then we get the followings.
(I) Λ is a g-fusion frame (resp. g-fusion Bessel sequence, Parseval gfusion frame, gf-Riesz basis, gf-orthonormal basis) for H if and only if {u j,k : j ∈ J, k ∈ K j } is a frame (resp. Bessel sequence, Parseval frame, Riesz basis, orthonormal basis) for H. (II) The g-fusion operator for Λ coincides with the frame operator for {u j,k : j ∈ J, k ∈ K j }.
Proof. (I)
. By (10), Λ is a g-fusion frame (resp. g-fusion Bessel sequence, Parseval g-fusion frame) for H if and only if {u j,k : j ∈ J, k ∈ K j } is a frame (resp. Bessel sequence, Parseval frame) for H. Assume that Λ is a gf-Riesz basis for H and g j ∈ H j . Thus,
where c j,k ∈ ℓ(K j ). Note that, by (10) ,
for any finite I ⊆ J. Thus, Λ is a gf-Riesz basis if and only if {u j,k : j ∈ J, k ∈ K j } is a Riesz basis. Now, let (W j , Λ j ) be a gf-orthonormal basis for H with respect to {v j } j∈J . We get for any j 1 , j 2 ∈ J,
So, {u j,k : j ∈ J, k ∈ K j } is an orthonormal sequence. Moreovere
for any f ∈ H. Hence {u j,k : j ∈ J, k ∈ K j } is an orthonormal basis. For the opposite implication, we need only to prove that (6) holds. We have by (11) for each j 1 = j 2 ∈ J, g j 1 ∈ H j 1 and g j 2 ∈ H j 2 ,
g j2 , e j2,k2 u j2,k2 = 0 and for all g 1 , g 2 ∈ H j
(II). By (10) and (11) we have for any
Perturbation of g-Fusion Frames
In this section, we present some perturbation of g-fusion frames and review some results about them. First, we need the following which is proved in [3] . Lemma 1. Let U be a Linear operator on a Banach space X and assume that there exist λ 1 , λ 2 ∈ [0, 1) such that
for all x ∈ X. Then U is bounded and invertible. Moreovere,
for all x ∈ X.
Theorem 5.1. Let Λ := (W j , Λ j , v j ) be a g-fusion frame for H with bounds A, B and {Θ j ∈ B(H, H j )} j∈J be a sequence of operators such that for any finite subset I ⊆ J and for each
is a g-fusion frame for H with bounds
Proof. Assume that I ⊆ J is a finite subset and f ∈ H. We have
Let S Λ be the g-fusion frame operator of Λ, then
S Θ is well defined and bounded operator with
It follows that Θ := (W j , Θ j , v j ) is a g-fusion Bessel sequence for H. Thus, we obtain by the hypothesis
Therefore, by (3)
Λ and consequently S Θ is invertible and we get
So, the proof is completed. Corollary 6. Let Λ be a g-fusion frame for H with bounds A, B and {Θ j ∈ B(H, H j )} j∈J be a sequence of operators. If there exists a constant 0 < R < A such that
Proof. It is easy to check that j∈J v 2 j π W j Θ * j Θ j π W j f is converges for any f ∈ H. Thus, we obtain for each
and also
By using Theorem 5.1 with λ = µ = 0 and γ = R √ A , the proof is completed.
The following is another version of perturbation of g-fusion frames.
Theorem 5.2. Let Λ be a g-fusion frame for H with bounds A, B and {Θ j ∈ B(H, H j )} j∈J be a sequence of operators such that for any finite subset I ⊆ J and for each {f j } j∈J ∈ H 2 , Hence,
Proof. Let f ∈ H. We can write
Thus, these complete the proof.
Conclusions
In this paper, we could transfer some common properties of g-frames to g-fusion frames. First, we reviewed gf-Riesz and orthonormal bases and showed that the weights have basic roles in their definitions. Afterwards, characterizations of these frames were presented in Section 4 by Sun's method by using the operator (9) . Finally, in Section 5, we introduced the perturbation of g-fusion frames and reviewed some useful statements.
